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I. SYMMETRIES

Correlation functions in Quantum field theory can be computed from the functional formalism,
bypassing the Hamiltonian, Hilbert space of states and the equations of motion. The nice thing
about this is that the symmetries of the Lagrangian is manifest. Any invariance of the Lagrangian
is an invariance of the Quantum mechanics.

II. CurAssicAL FIELD THEORY AND NOETHER’S THEOREM

The dynamics of a classical field theory is determined by how the action depends on the fields in
question. If ¢ are fields for a = 1,...,n, then the action is expressed in terms of the lagrangian

density £ by
S = / d*x L,

where the integration is over Minkowskian spacetime. The expression is thus relativistic, but not
quantum. It is in this sense that the field theory is classical — it is not quantized.

The equations of motion are found by demanding the action to be stationary under any in-
finitesimal change of fields ¢¢ — ¢® + 0¢d“. The resulting change in the action is then given

by
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Since the integral should be understood to go from a fixed time ty to a fixed time t; while the

spatial part extends to the boundary of spacetime, we may safely say that the boundary vanishes.
After all, it would be unreasonable to expect the boundary of spacetime to affect the dynamics of
the field here. In that case the equations of motion, obtained by setting S to be stationary, amounts
to saying that the integrand is zero. That is
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for all a.

Now consider a symmetry ¢ — ¢+ acAd for an infinitesimally small oc. That it is a symmetry
refers to the property that the Lagrangian only attains an additional total divergence under this
transformation. That is
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On one hand, the Lagrangian changes by a factor 8{ = «d,,J" and on the other

0L oL 0L
3L =0, | =——aA A -9 .
. <a(au¢a)°‘ d’) Fose {adﬂ “a(amaJ
If the fields satisfy the equations of motion, then the last term vanishes, which by equating the two
expressions for 64 yields
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This means that we have found a conserved current
0L
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This is what is referred to as Néether’s theorem. In analogy with electrodynamics, one usually thinks
of the spatial integral of the time component of the Noether current as the conserved charge. That is
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As an example, consider the four translations x* — x"* + a* to be a symmetry of the Lagrangian.
In that case ¢(x) = ¢(x) + a5 0vd(x) and L(x) — L(x) + a8, 6 L(x). Hence the conserved
currents can be written
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which is referred to as the Energy-momentum tensor. This will give four conserved charges. The

time translation represents conservation of energy, while the three spatial translations represents
conservation of physical momentum.

I1I. EQUATIONS OF MOTION FOR CORRELATION FUNCTIONS

We now set off to look for a quantum analogue of equations of motion by invoking the functional
machinery. First consider a three point correlation function of a scalar field theory. We have

(QITd1p2b510) = / Depet] XLy, g

where ¢; = ¢(xi) and £ = %(auq))? — %mzdﬂ. Just as in classical field theory we consider an
infinitesimal change of fields ¢(x) — ¢’ (x) = d(x) + €(x). Since this is just a shift in values it does
not affect the measure, hence Db = Dd’. Insisting that the action is stationary under this variation
of fields thus amounts to saying that
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Expanding to first order in € then gives
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This must hold for any possible choice of €(x), so
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This clearly holds for any number of fields. Hence, let us consider the case of only one field. In that
case

0= /fpcpeifd“‘{ (3% +m?) by +18(x —x1) }.

Taking the operator (62 + m2) out of the integral then yields
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Dividing the equation by Z therefore leaves us with the identity
(0% + m?) (QTP(x)b(x1)1Q) = —id(x — x1).

This is the quantum analogue of the equations of motion. Notice that whenever xx;, this corresponds
to the classical equation of motion for a Klein-Gordon (Q|d(x)d(x1)|Q). If the two points coincide,
however, then the correlation function does not satisfy the equations of motion. The modification of
the Klein-Gordon operator equation in this point is called a contact term.

The generalization of this result to any n + 1 point correlation function states that

n
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We can actually generalize this result to any field theory of the field ¢(x). Consider the n point
correlation function
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Demanding the integral in the denominator to be stationary yields
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Continuing just as before, we find that
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refers to the classical equations of motion. The equations are referred to as the Schwinger-Dyson
equations and should be understood as the quantum equations of motion for Green’s functions with
proper contact terms included.
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